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ABSTRACT: Semiconductor nanowires supporting leaky
mode resonances have been used to increase light absorption
in optoelectronic applications from solar cell to photodetector
and sensor. The light conventionally illuminates these devices
with a wide range of diﬀerent incident angles from half space.
Currently, most of the investigated nanowires have centrosymmetric geometry cross section, such as circle, hexagon, and
rectangle. Here we show that the absorption capability of these
symmetrical nanowires has an upper limit under the half-space
illumination. Based on the temporal coupled-mode equation,
we develop a reciprocity theory for leaky mode resonances in order to connect the angle-dependent absorption cross section and
the radiation pattern. We show that in order to exceed such a half-space limit the radiation pattern should be
noncentrosymmetric and dominate in the direction reciprocal to the illumination. As an example, we design a metal trough
structure to achieve the desired radiation pattern for an embedded nanowire. In comparison to a single nanowire case the trough
structure indeed overcomes the half-space limit and leads to 39% and 64% absorption enhancement in TM and TE polarizations,
respectively. Also the trough structure enables the enhancement over a broad wavelength range.
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has been demonstrated to lead to enhanced absorption in an aSi shell.11
We note that in the applications of solar cells and
photodetectors, nanowires typically operate in the conﬁguration where light illuminates the nanowire with a wide range of
diﬀerent incident angles from half space (Figure 1a). Currently,
most of the geometric cross sections of the investigated
nanowires have centrosymmetry, such as circle,2,11,12,16
hexagon,12,22 and rectangle.12,28 However, we recently have
shown that for nanowires supporting a single LMR, the
integration of the absorption cross section over all angles,
∫ 2π
0 Cabs(ϕ) dϕ has a maximum of λ, where λ is the light
wavelength in free space and ϕ is the incident angle.29 For the
nanowires with centrosymmetry, the incident-angle dependent
absorption cross section satisﬁes Cabs(ϕ) = Cabs(ϕ + π).
Therefore, the absorption cross section integrated over half
space has an upper limit of λ/2 (i.e., the incident angle ϕ from

emiconductor nanowires have been explored extensively
over the past decades due to their potential applications in
high-performance optoelectronic devices, including photodetectors,1−10 solar cells,11−22 and sensors.23−27 The small
size of nanowires provides opportunities for further miniaturization of these devices, which will lead to many advantages in
terms of operation performance, signal-to-noise ratio, and
power generation. However, due to the diﬀraction limit, the
miniaturized devices cannot capture enough incident photons
and result in unsatisfactory external quantum eﬃciency.
Recently, it has been demonstrated that leaky mode resonances
(LMRs) in nanowires can eﬃciently enhance light absorption.1
The resonant absorption enhancement has been successfully
used in photodetectors1,2 and solar cells.11,12 Cao et al.
demonstrated that LMRs eﬀectively enhance the external
quantum eﬃciency of Ge nanowire photodetectors especially at
the important 1.55 μm communication wavelength.2 The
LMRs have also been utilized to increase absorption eﬃciency
of solar cell, and about 25% increase in short circuit current has
been observed as compared with the planar structure.12 A coreshell nanowire, which supports several nearly degenerate LMRs,
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exp( −ikρ) +
exp(ikρ) −
| a (θ )⟩ + A 0
| a (θ )⟩
ρ
ρ

Etotal(ρ , θ ) = A 0

(1)

where (ρ,θ) is the polar coordinates, k is the wave vector in the
free space, and A0 is a normalization coeﬃcient. We take the
convention that the ﬁeld varies in time as exp(−iωt). So |a+⟩
and |a−⟩ can be identiﬁed as the incoming and outgoing wave
amplitudes, respectively. With the choice of A 0 =

4μ0

1/4

( )
ε0

, ⟨a+

|a+⟩ and ⟨a−|a−⟩ represent the time-averaged power of the
incoming and outgoing waves.30,31 Here ⟨f|g⟩ denotes the
integration ∫ 2π
0 f *(θ)g(θ) dθ over all angles.
When the nanowire supports a single LMR, the far ﬁeld of
the resonant mode can be written as
ELMR (ρ , θ ) = A 0
Figure 1. (a) Schematic of the half-space light absorption limit for
nanowires, which have centrosymmetric geometry cross sections. For
nanowires supporting a single LMR, the integration of the absorption
cross section over all angles, ∫ 2π
0 Cabs(ϕ) dϕ has a maximum of λ,
where λ is the light wavelength in free space and ϕ is the incident
angle. Due to the centrosymmetry of the nanowire, it has Cabs(ϕ) =
Cabs(ϕ + π). Therefore, when the light illuminates the structures from
half space, e.g., the incident angle ϕ ranging from 0 to π, the
absorption cross section integrated over half space has an upper limit
of λ/2. (ρ,θ) is the polar coordinates. (b) Schematic of the half-space
light absorption enhancement by breaking the centrosymmetry. The
wire-trough structure consists of an a-Si nanowire and a silver trough.
The trough has a half-elliptical outer boundary. The thickness of the
through along the short and long axes is a and b, respectively.

exp(ikρ)
|d(θ )⟩
ρ

(2)

where the function |d(θ)⟩ represents the radiation pattern of
the LMR. In this case, the scattering process can be described
by the temporal coupled-mode theory with the equations:29,30,32
dc
= ( −iω0 − γ − γ0)c + ⟨d*|a+⟩
dt

(3a)

|a−⟩ = B|̂ a+⟩ + c|d⟩

(3b)

where c is the amplitude of the resonance, ω0 is the resonant
frequency, γ0 is the intrinsic loss rate due to absorption in the
nanowire, γ is the external leakage rate due to the coupling of
the resonance to the outgoing wave, B̂ is the scattering operator
for a background scattering process that is independent of the
resonance, and B̂ †B̂ = 1. The amplitude c is normalized such
that |c|2 corresponds to the energy inside the nanowire.
According to the temporal coupled-mode theory,29,30,32 |d⟩
and B̂ are constraint due to the energy conversation and timereversal symmetry, as a result

0 to π as illustrated in Figure 1a), which here we refer to as halfspace limit.
In this Letter, based on the temporal coupled-mode theory
(CMT) formalism,29−32 we develop a reciprocity theory for
LMR nanowires. We show that the incident-angle dependent
absorption cross section is determined by the radiation pattern
of LMR. In order to exceed the half-space limit the radiation
pattern of leaky mode resonances should be noncentrosymmetric and dominate in the directions that are reciprocal to the
directions of illumination. As an example, we design a metal
trough structure to achieve the desired radiation pattern for an
embedded nanowire. As a result, the trough structure indeed
overcomes the half-space limit in comparison to the case of a
single nanowire. The integration of the absorption cross
sections for the half-space illumination is enhanced by 39% and
64% as compared with a half-space limit single nanowire, in TM
and TE polarization, respectively. Moreover, we also show that
the structure enables the enhancement over a broad wavelength
range.
We ﬁrst develop the reciprocity theory based on the
temporal coupled-mode equation. Here we consider that a
TM polarized plane wave, which has its magnetic ﬁeld normal
to the nanowire axis and its electric ﬁeld only in the axial
direction, is incident on the nanowire located at the origin.
Similar derivation can be carried out for the TE polarized case,
which has its electric ﬁeld normal to the nanowire axis. For the
TM polarization, the total electric ﬁeld for the far-ﬁeld can be
written as

⟨d|d⟩ = 2γ

(4a)

B|̂ d*⟩ = −|d⟩

(4b)

Now we deﬁne a scattering operator that connects the
incoming and the outgoing wave: |a−⟩ = Ŝ|a+⟩. From the
temporal coupled-mode theory eq 3, we have
S ̂ = B̂ +

|d⟩⟨d*|
i(ω0 − ω) + γ + γ0

(5)

To evaluate the absorption cross section, we suppose a TM
polarized incident plane wave Einc = exp(ik · r). The absorbed
power by the nanowire:
†
Pabs = ⟨a+|a+⟩ − ⟨a−|a−⟩ = ⟨a+|(1 − S ̂ S)̂ |a+⟩

(6)

Substituting eq 5 into eq 6, we can obtain the absorption cross
section as
Cabs =

Pabs
=
I

μ0

4γ0
2

ε0 (ω − ω0) + (γ + γ0)2

⟨d*|a+⟩|2
(7)
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where I =

1
2

ε0
μ0

i.e., |d(θ + π)|2 = |d(θ)|2. Therefore, the integration of
absorption cross section over half space (i.e., the incident
angle ϕ from 0 to π as illustrated in Figure 1a) always has the
upper limit of λ/2.
In order to make the half-space absorption exceed the limit,
we need to break the centrosymmetry in the nanowire
geometry and design the structure with a noncentrosymmetric
radiation pattern of LMR. Equation 11 shows that a desired
radiation pattern of LMR should dominate in the direction
reciprocal to illumination: When the incident angle ranges from
ϕ = 0 to ϕ = π, it requires to suppress the radiation of LMR
mode in the direction from θ = 0 to θ = π. Moreover, due to a
wide range of diﬀerent incident angles, the lobe of the radiation
pattern should dominate from θ = π to θ = 2π.
We note that nanowire structures may support doubly
degenerate or nearly degenerate resonances, e.g., TMml mode in
nanowires when the angle momentum index m ≠ 0. In this
case, if two LMRs are orthogonal, i.e., ⟨d1|d2⟩ = 0, the total
absorption cross section is a sum of the contributions from the
two resonances:

is the incident power. Equation 7 shows that

generally the absorption cross section of a LMR nanowire
exhibits a Lorentzian line shape around the resonant frequency.
To obtain the incident-angle dependence of the absorption
cross section, we now expand the plane wave into cylindrical
waves as
⎛ H (1)(kρ) + H (2)(kρ) ⎞
m
⎟⎟
i m exp( −imϕ)⎜⎜ m
2
⎝
⎠
m =−∞
∞

exp(ik·r) =

∑

× exp(imθ )

(8)

where ϕ is the incident angle of the plane wave illustrated in
Figure 1a. In the far ﬁeld, where kρ → ∞, eq 8 can be rewritten
as
exp(ik·r) ≈

⎛ iπ ⎞
1
exp⎜ − ⎟
⎝ 4⎠
2πk

exp(ikρ)
ρ
∞

∑

exp[im(θ − ϕ)] +

m =−∞

exp(− ikρ)
ρ

1
2πk

⎛
2γ01
|d (θ + π )|2
C total(ϕ) = λ⎜⎜
2
2 1
⎝ (ω − ω01) + (γ1 + γ01)

∞

⎛ iπ ⎞
exp⎜ ⎟ ∑ exp[im(θ − ϕ − π )]
⎝ 4 ⎠ m =−∞
⎛ iπ ⎞
2π
exp⎜ − ⎟δ(θ − ϕ)
⎝ 4⎠
k

exp(ikρ)
=
ρ
+

exp(− ikρ)
ρ

+

(9)

⎛ π⎞
π
exp⎜i ⎟δ[θ − (ϕ + π )]
⎝ 4⎠
ωμ0

(10)

Substituting eq 10 into eq 7, we get the incident-angle
dependent absorption cross section:
Cabs(ϕ) = λ

2γ0
2

(ω − ω0) + (γ + γ0)2

|d(ϕ + π )|2
(11)

eq 11 outlines the general reciprocity relation between the
incident-angle dependent absorption of nanowires and the
radiation pattern of the leaky resonant mode. As eq 11 shows,
the incident-angle dependent absorption cross section is
proportional to the radiation pattern of the LMR in the
direction reciprocal to the illumination, i.e., Cabs(ϕ) ∝ |d(ϕ +
π)|2. By integrating the absorption cross section over all angles
and substituting eq 11, we have

∫0

2π

Cabs(ϕ) dϕ = λ

2γ0

⟨d|d⟩
(ω − ω0) + (γ + γ0)2
γ0γ
= 4λ
2
(ω − ω0) + (γ + γ0)2

(13)

where ω0i, γi, γ0i, and |di(θ)⟩ (i = 1,2) correspond to the
resonant frequency, the external leaky rate, the intrinsic loss
rate, and the radiation pattern of the two LMRs, respectively. In
the case of doubly degenerate LMRs, the integration of the
total absorption cross section over all angles has a maximum of
2λ. For a nanowire having centrosymmetry that supports a pair
of degenerate LMRs, the radiation pattern |di(θ)⟩ may not have
the full symmetry of the structure. However, the radiation
pattern of each degenerate mode still has centrosymmetry, i.e.,
|di(θ + π)|2 = |di(θ)|2. Correspondingly, there is still an upper
limit of λ for the total absorption cross section under half-space
light. Therefore, in order to exceed such a limit, we need to
break the centrosymmetry of the nanowire geometry even
though the nanowire supports degenerate resonances.
Now we demonstrate the half-space absorption enhancement
by breaking the centrosymmetric geometry with a wire-trough
structure (Figure 1b). We have recently fabricated such a metal
trough with standard evaporation technique, and experimentally demonstrated that a metallic trough network is a
remarkable transparent electrode with great mechanical
ﬂexibility.33 Here we show that the trough structure can be
used to control the radiation of LMR and enhance the light
absorption of embedded nanowire for a wide range of diﬀerent
incident angles from half space.
To show the half-space absorption enhancement, we
compare the wire-trough structure to a single nanorod with a
circular geometric cross section. According to C. Garnet’s
study, a single a-Si nanorod has the optimal absorptive
performance for the solar spectrum when the nanorod has a
diameter around 110 nm. Such a rod has two degenerate TM11
resonances reaching the critical coupling at 654 nm wavelength.11 Here we use a commercial ﬁnite element method
(FEM) software (COMSOL) to design a silver trough structure
and assume that the trough has a half-elliptical outer boundary
(Figure 1b). The frequency-dependent dielectric constants of aSi and silver are taken from the experiments.34 The silver

⎛ iπ ⎞
2π
exp⎜ ⎟δ[θ − (ϕ + π )]
⎝4⎠
k

where δ is the Dirac delta function, and we utilize the equation
1
∞
δ(θ ) = 2π ∑m =−∞ exp(imθ ). By comparing eq 9 with eq 1, we
then have
|a+⟩ =

⎞
2⎟
|
θ
+
π
|
(
)
d
2
⎟
(ω − ω02)2 + (γ2 + γ02)2
⎠
2γ02

2

(12)

eq 12 shows that the integration of absorption cross sections
over all angles has a maximum of λ at the resonant frequency,
when the resonance reaches the critical coupling, i.e., γ = γ0. We
note that for the nanowires with centrosymmetric geometry
cross section, the radiation pattern also has centrosymmetry,
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trough is characterized by two thicknesses a and b, as shown in
Figure 1b. To realize LMRs resonating in the vicinity of 650
nm, we ﬁrst set a = b = 30 nm and modify the diameter of the
embedded nanowire while keeping the wire and the trough
touching. Our simulation shows that an embedded nanowire
with a 125 nm diameter supports two nearly degenerate TM11
resonances at 658 nm (Figure 2a). According to the mirror

Figure 3. (a) Black and blue lines correspond to radiation pattern |
d(θ)⟩ of the even and odd LMRs, respectively. (b) Black solid line and
red cross line correspond to the incident-angle dependent absorption
cross section of the wire-trough structure calculated by the temporal
coupled-mode theory (eq 13) and the numerical method (FEM),
respectively. The blue solid line represents the eﬀective absorption
cross section of the wire-trough structure after excluding the parasitic
absorption by the metal trough. The black dashed line corresponds to
the isotropic absorption cross section of the 110 nm diameter single
nanowire calculated by FEM.

diﬀerent incident angles (the cross line in Figure 3b). Indeed it
shows an excellent agreement between the temporal coupledmode theory and the numerical calculation.
Figure 3b illustrates that the wire-trough structure strongly
enhances the broad-angle absorption cross section for one side
(from ϕ = 0 to ϕ = π). To show the half-space absorption
enhancement, we also plot the optimal single nanowire case,
the absorption cross section of the 110 nm diameter single
nanowire at the resonant frequency of the TM11 resonance in
Figure 3b. We also calculate the eﬀective absorption cross
section after excluding the parasitic absorption by the metal
trough (the blue solid line in Figure 3b). At the normal incident
angle, the absorption cross section of the wire-trough structure
shows 37% enhancement as compared with that of the single
nanowire. Moreover, the enhancement covers a wide range of
incident angle from ϕ = π/6 to ϕ = 5π/6, and the average
enhancement is 39%.
Now we consider the half-space absorption enhancement in
the case of TE polarization. Our simulation shows that the TE01
mode resonates at 664 nm. The far-ﬁeld of the scattering ﬁeld
in the TE polarized case (Figure 4a) dominates in angles from
θ = 7π/6 to θ = 11π/6. We also plot the incident-angle
dependent absorption cross section of the wire-trough structure
(the black solid line in Figure 4b). Indeed the dominant

Figure 2. (a) Resonant frequency of the even and odd LMRs in the
wire-trough structure, schematically shown in Figure 1b. The inset
shows the electric ﬁeld distribution of two modes. (b) The external
leaky rate γ(e,o) and the intrinsic loss rate γ0(e,o) of the even and the odd
LMRs vary as a function of b, where the thickness a = 30 nm.

symmetry around the y-axis of the wire-trough structure, the
two TM11 resonances can be classiﬁed into an even and an odd
mode (the inset in Figure 2a). In order to maximize the
absorption cross section, we need to ensure that the two LMRs
are not only degenerate but also working close to the critical
coupling, i.e., γ0 = γ. For this purpose, we ﬁx a = 30 nm and
modify b. Figure 2b plots that γ and γ0 of both resonances vary
as functions of b. Here we choose b = 60 nm, and in this case
the two LMRs are nearly critically coupled.
Next we show that the trough structure allows a desired
radiation pattern to enhance the half-space absorption. We plot
the radiation patterns for both resonances in Figure 3a at the
wavelength of 658 nm. Especially it shows that the radiation
pattern of the even LMR dominates in the angles from θ = π to
θ = 2π, which is distinct from the single nanorod. Such a
modiﬁcation is attributed to the trough structure, which is
nearly a perfect electric conductor for the TM polarization and
prevents the light emitting to the downside (see the eigenmode
in the inset of Figure 2a). According to the previous discussion,
such a radiation pattern will lead to the eﬃcient light
absorption when the incident angle varies from ϕ = 0 to ϕ =
π (cf. eq 11). Due to the mode orthogonality of the even and
the odd resonances, the incident-angle dependent absorption
cross section of the wire-trough structure can be calculated by
the temporal coupled-mode theory of eq 13. The results are
shown as the black solid line in Figure 3b. We also use the
numerical method to calculate the absorption cross section for

Figure 4. (a) Scattering ﬁeld under the illumination of a 664 nm TE
polarized wave. (b) The black solid line corresponds to absorption
cross section of the wire-trough structure in TE polarized case. The
blue solid line represents the eﬀective absorption cross section of the
wire-trough structure after excluding the parasitic absorption by the
metal trough. The black dashed line corresponds to the isotropic
absorption cross section of the 110 nm diameter single nanowire
calculated by FEM.
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absorptive angles have a π rotation from the far ﬁeld, which
agrees with the theoretical prediction. Compared with the
optimal nanowire case (the dotted line in Figure 4b), the wiretrough structure exhibits strong absorption enhancement for
the incident angle varying from ϕ = π/6 to ϕ = 5π/6. We also
calculate the eﬀective absorption by the embedded wire after
excluding the parasitic absorption in the metal (the blue solid
line in Figure 4b). At the normal incident angle, the absorption
cross section of the embedded nanowire is enhanced 89% by
the metallic trough structure.
Now let us show that half-space absorption enhancement can
cover a broad wavelength range. We deﬁne the eﬀective
absorption as the integration of absorption cross section from ϕ
= π/6 to ϕ = 5π/6. Figure 5 plots the eﬀective absorption in the

reciprocity theory is still valid. In this case, the oﬀ-axial
component needs to be taken into account when controlling
the LMR radiation pattern.
We also numerically demonstrate the half-space absorption
enhancement with a wire-trough structure. We show that the
radiation pattern of the nanowire is strongly modiﬁed by the
metallic trough and exhibits a desired proﬁle for half-space
absorption. As expected, at the resonant frequency, the trough
structure enhances 39% and 64% for the TM and TE polarized
cases in comparison to an optimal single nanowire. Moreover,
the trough structure enables the enhancement over a broad
wavelength range for both the TM and the TE polarizations.
We note that it has been experimentally demonstrated that a
metal troughs network is a remarkable transparent electrode
with great mechanical ﬂexibility.33 Therefore, by combining the
functionality of both absorption enhancement and transparent
electrode, the trough structure is expected to augment the
performance of applications including nanowire photodetectors, solar cells, and optical sensors.
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